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The microcanonical effective partition function, constructed from a Feynman-Hibbs potential, is derived using
generalized ensemble theory. The form of the effective Hamiltonian is amenable to Monte Carlo simulation
techniques and the relevant Metropolis function is presented. Using the derived expression for the micro-
canonical effective partition function, the low-temperature entropy of a proton in an anharmonic potential is
numerically evaluated and compared with the exact quantum mechanical canonical result.
The Green’s function for the quantum dynamic prop-
agator,
G(x′, t′;x, t) = 〈x′|e−iHˆ(t′−t)/~|x〉 (1)
can be expressed in it’s path integral form1, after Trot-
ter factorization and making use of the resolution of the
identity, as:2
G(x′, t′;x, t) = lim
P→∞
∞∫
−∞
dx1...dxP−1
( m
2πi~ǫ
)P/2
×e
iǫ
~
t′∫
t
dτ
{
1
2m(
dx
dτ )
2
−V [x(τ)]
}
(2)
where the time interval ǫ = (t′− t)/P and the path from
x → x′ has been discretized among P points. Analyt-
ically continuing Eq. (2) via the substitution β = it/~
and letting the initial time t = 0 results in
G(x′,−iβ~;x) = lim
P→∞
∞∫
−∞
dx1...dxP−1
(
m
2π~2β
)P/2
×e
−
1
~
β~∫
0
dτ
{
1
2m(
dx
dτ )
2
+V [x(τ)]
}
(3)
It can be shown that the canonical partition function
Q(N, V, β) results from taking the trace of expression (3),
where the paths propagate from x→ x:
Q(N, V, β) =
∞∫
−∞
dxG(x,−iβ~;x)
=
∞∫
−∞
dx lim
P→∞
∞∫
−∞
dx1...dxP−1
(
m
2π~2β
)P/2
×e
−
1
~
β~∫
0
dτ
{
1
2m(
dx
dτ )
2
+V [x(τ)]
}
(4)
and the integration is done over all possible closed paths
that start and end at x. A great deal of applied research
a)Electronic mail: belof1@llnl.gov
has proceeded from the approximation whereby Eq. (4)
is closed for a finite Trotter number P . Indeed, in such
a form expression (4) then looks very much like a clas-
sical partition function (albeit with a β-dependent har-
monic term) and can be numerical evaluated by many-
dimensional integration techniques such as Monte Carlo.
An alternative to this discretized approach is to write Eq.
(4) as a Fourier expansion around the path and numeri-
cally solve for the Fourier coefficients.
However, a third traditional approach is to approxi-
mate the integrals over
∞∫
−∞
dx1...dxP−1 via a variational
principle3 the result of which is then expressed as an ex-
ponential of an effective potential W˜ (x):
Q(N, V, β) ≈ Q˜(N, V, β) =
∞∫
−∞
dx
√
m
2π~2β
e−βW˜ (x)(5)
where Q˜(N, V, β) is the canonical effective partition func-
tion. At low-temperature we hope to capture the quan-
tum effects present in Eq. (4) (to what degree depends
crucially on W˜ ) and in the high-temperature limit Q˜ is
equivalent to the classical partition function. In it’s orig-
inal formulation,3 it can be shown that W˜ (x) satisfies a
variational principle if taken to be a Gaussian-smeared
potential,
W˜ (x) =
∞∫
−∞
dy
1√
2πa2
e
(x−y)2
2a2 U(y) (6)
where in it’s first approximation the Gaussian width
a2 = β~2/12m and the same fixed-width approximation
is made here. Techniques that improve upon the fixed-
width approximation have been previously made.4–6 The
Taylor series expansion of expression (6) yields the famil-
iar terms commonly used in molecular simulation.
The canonical effective partition function has been of
significant value in numerical statistical mechanics since
it includes quantum fluctuations while preserving the
readily understood mathematical structure of the clas-
sical partition function. In the simplest approximation
2of a fixed-Gaussian width of β~2/12m the effective ap-
proach provides accuracy amenable to the semiclassical
regime.
Curiously, while the path integral expression for the
microcanonical partition function has been derived7,8,
to our knowledge the microcanonical effective partition
function has not been reported in the literature. While
the canonical ensemble is quite natural for the study of
many physical systems, there are cases where the micro-
canonical ensemble is more convenient since the thermo-
dynamic energy can be fixed. Our intention here is to
develop the microcanonical effective partition function
such that quantum fluctuations may be included in, for
instance, NV E Monte Carlo9,10 simulations.
We derive the microcanonical effective partition
function through application of generalized ensemble
theory11–13 which allows us to relate the constant en-
ergy shell ensembles directly to other ensembles in which
thermal energy can flow between system and bath. Of
immediate interest is the Laplace transform relationship
between the canonical and microcanonical partition func-
tions; this relation between ensembles has been long uti-
lized in semiclassical theory, however to our knowledge it
has not been employed in the context of effective poten-
tials. We begin by demonstrating the following example:
Q(N, V, β) =
∞∫
0
dE e−βEΩ(N, V,E) (7)
since the energy spectrum may always be shifted such
that the lower bound is zero. In solving for the micro-
canonical partition function, the inverse Laplace trans-
form yields:
Ω(N, V,E) =
1
2πi
∮
dβ eβEQ(N, V, β)
=
∞∫
−∞
dΓ
1
2πi
γ+i∞∫
γ−i∞
dβ eβ(E−H) (8)
where dΓ is the phase space differential form
(N !h)−1dx dp. Since β = σ + iτ and no singularity
is present in the right-half of the complex plane, we
may take the contour vertically through γ = 0. Since
Re(β) = 0 along the integration we may make the sub-
stitution β = −iτ :
Ω(N, V,E) =
∞∫
−∞
dΓ
1
2π
∞∫
−∞
dτ eiτ(H−E)
=
∞∫
−∞
dΓ δ(H − E) (9)
which is the microcanonical partition function, as it
should be. Another simple example is the quantum har-
monic oscillator:
ΩHO =
1
2πi
∮
dβ eβEQHO =
1
2π
∞∫
−∞
dτ e−iτE
e
1
2 iτ~ω
1− eiτ~ω
=
1
2π
∞∫
−∞
dτ eiτ(
1
2~ω−E)
∑
n
eiτ~ωn
=
∑
n
δ
[
~ω
(
n+
1
2
)
− E
]
(10)
where we note that in this case we have integrated over
the quantum mechanical partition function, resulting in
a discrete series over the eigenspectrum rather than a
phase space integral.
Along similar lines, we wish to construct the micro-
canonical effective partition function Ω˜(N, V,E) from
Q˜(N, V, β) through use of the same Laplace structure.
Proceeding in this manner,
Ω˜(N, V,E) =
1
2πi
∮
dβ eβEQ˜(N, V, β)
=
1
2πi
∮
dβ eβE
∞∫
−∞
dx
√
m
2π~2β
e−βW˜
(11)
Using Eq. (6), the Gaussian smeared version of the an-
harmonic potential UAHO =
1
2kx
2 + 14gx
4 is exactly in-
tegrable and yields
W˜AHO = UAHO +
β~2
24m
(
k + 3gx2
)
+
(
β~2
24m
)2
3g(12)
= UAHO +W1(β)(13)
for the effective potential. With the momentum integra-
tion having been undone, the inverse Laplace transform
now becomes:
Ω˜AHO(E) =
∞∫
−∞
dΓ
1
2πi
∮
dβ eβ[E−H−W1(β)]
=
∞∫
−∞
dΓ
1
2πi
∮
dβ eβ(E−H)e
−β2
[
~
2
24m (k+3gx
2)
]
e
−β3
(
~
2
24m
)2
3g
=
∞∫
−∞
dΓ
1
2πi
∮
dβ eaβ−bβ
2
−cβ3(14)
where the contour integral can be approximated by the
method of steepest descent to yield
=
1√
2π
∞∫
−∞
dΓ
eaβ0−bβ
2
0−cβ
3
0
(2b+ 6cβ0)
1
2
(15)
3where the saddle point, β0,
β0 =
2b−√4b2 + 12ac
6c
(16)
Recalling that the following substitutions have been
made,
a = E −H
b =
~
2
24m
(
k + 3gx2
)
c =
(
~
2
24m
)2
3g
we arrive at the final expression for the microcanonical
effective partition function for the anharmonic system
Ω˜AHO(E) =
∞∫
−∞
dΓ
e−
3(H−E)2
4b −
c(H−E)3
8b3√
2π
(
2b− 6ac2b
) (17)
FIG. 1. The configurational distribution function, Ω(x), for
k = 1, g = 2.
We may note some interesting features of the micro-
canonical effective partition function for this anharmonic
system. The phase space distribution function is dom-
inated by a Gaussian distribution in H − E, the Gaus-
sian width being determined by the quantum mechani-
cal factor b. In the classical limit of vanishing b, c the
Gaussian distribution narrows to approach the classical
microcanonical distribution δ(H − E). Shown in Fig. 1
is the k = 1 and g = 2 distribution function Ω(x) (the
momentum having been integrated) for several energy
values corresponding to the low temperature regime.
Numerical evalution of Eq. (17) has been performed
to obtain the entropy of a proton in an anharmonic well
for k = 1 and g = 4, 40, 200. These values for the anhar-
monicity of the potential have been chosen since they are
among those available for the calculated eigenspectrum
of Ref. (14) and were also used by Feynman and Klein-
ert in Ref. (4) to illustrate the improvements possible by
extending the original fixed-width Gaussian formalism.
(a)g = 4
(b)g = 40
(c)g = 200
FIG. 2. The entropy of a proton in an anharmonic well with
k = 1 and g = 4, 40, 200 calculated from the microcanoni-
cal effective partition function given by Eq. (17) (black), in
comparison with the canonical entropy calculated from direct
summation of the eigenspectrum (red), the canonical entropy
obtained via the higher-order effective potential method of
Ref. 4 (blue), the canonical Feynman-Hibbs method of Ref.
(3) (orange) and the classical result (green).
4We calculate the cumulative entropy Σ by integrating
Eq. (17):
Σ(E) =
E∫
0
dE′ Ω(E′) (18)
S = k lnΣ(E) (19)
where we note that, in the thermodynamic limit, the mi-
crocanonical entropy k lnΩ(E), the level density entropy
k lnω(E) and the cumulative entropy ln kΣ(E) are all
equivalent to within an additive constant.15 However, as
was done in Ref. 4, a comparison will be made with
the canonical partition function for the exact quantum
mechanical system, and the discrete sum over levels pre-
sented by the canonical partition function of N = 1 an-
harmonic oscillators necessitates comparison with the cu-
mulative entropy.
In Fig. 2, the Feynman-Hibbs microcanonical entropy,
denoted “NVE FH”, is compared with the exact quantum
mechanical entropy found from the canonical ensemble,
S = k lnQ+E/T . The quantum mechanical Q has been
calculated by direct summation of the Boltzmann factors
for the first 9 levels14 of the eigenspectrum. Also shown
for comparison is the canonical entropy found via the
nearly exact method of Feynman and Kleinert4 (in this
method the width of the Gaussian smear is not held fixed)
denoted “NVT FK”, the standard canonical Feynman-
Hibbs method of Ref. (3) (where the Gaussian width
is held fixed, as it is also in the current work) denoted
“NVT FH”, and the classical canonical entropy.
With respect to the accuracy of the method, we note
several features from Fig. 2. First, we point out that it
is well known that the higher-order FK method will re-
produce the exact quantum mechanical result with near
perfect accuracy even at very low temperature and for
strong anharmonicity – especially where the more stan-
dard NVT FH method will fail.4 In contrast, the method
presented here can be seen as the microcanonical ana-
log of the less accurate NVT FH method. Interestingly,
however, this method agrees quite well with both the ex-
act quantum and NVT FK results at low temperature
and even for the strong anharmonicity value of g = 200
(where the commonly used NVT FH method fails) and
yet yields poor agreement at higher temperatures and
also for the relatively harmonic g = 4. This appears
to be due to the fact that the integral expressed in Eq.
(17) is only well sampled when the energy distribution
is broadened (i.e. under non-classical conditions) since
it becomes increasingly difficult to sample the distribu-
tion approaching a delta function with high accuracy –
as the distribution narrows to the Dirac delta function
the saddle point approximation breaks down.
Expression (17) may also be derived for various other
intermolecular potentials, and can be evaluated by mul-
tidimensional phase space integration techniques such
as Hybrid Monte Carlo.16,17 The Hybrid Monte Carlo
(HMC) technique makes use of an NV E molecular
dynamics integrator, with a large non-energy conserv-
ing timestep, to sample the phase space integral via
a Metropolis accept/reject scheme based upon the full
Hamiltonian. Unlike a traditional canonical Monte Carlo
scheme where only the configurational part of the inte-
gral is sampled, in HMC the momentum integration is
performed explicitly by the algorithm through a random-
ized resampling of the momenta from an equilibrium dis-
tribution – a useful aspect for sampling Eq. (17) given
that the momentum dependence in this equation cannot
be analytically integrated out. Such methodology may
prove practical for sampling the microcanonical ensemble
for atomic and molecular systems, where the HMC algo-
rithm would proceed with a modified Metropolis function
based upon Eq. (17):
Pr(i→ j)
Pr(j → i) = e
−(ǫj−ǫi)
ζi
ζj
(20)
where
ǫi =
3
4bi
(Hi − E)2 + c
8b3i
(Hi − E)3
ζi =
√
2π
(
2bi − 6aic
2bi
)
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